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ABSTRACT   
Watermarking is used mostly for multimedia data copyright protection. This paper introduces the 
Transformation Framelet (FLT) for watermarking digital images. In this technique, the FLT is used to create 
an original image and watermark the low (LL) frequency subband of an original image in LL subband of an 
image watermarking. Simulation results demonstrate, in terms of a wide range of traditional attaches, that 
this approach is imperceptible and stable. MATLAB software version 2014 was used for simulation. 
Experiments on gray scale and colored images were performed in this work. 
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1. Introduction 
The new fields of computer science, encryption, signal processing and communication are digital watermarking 
technology [1]. In addition to data coding and scrambling to secure information, digital watermarking is 
developed by its creators as a solution to the requirement of providing added value protection. Generally 
speaking, a digital watermark is a technology that enables a person to add secret copyright or other verifying 
information to digital media [2,3]. Two popular watermarking methods exist: a spatial domain and a domain 
transformation. Depending on the perceptual analysis of an image, pixels are changing in the space domain 
[4,5]. However, some frequencies have been selected in transform domain and adjusted according to some rules 
from their original values. The methods of transforming the domain are common as the embedding of 
watermarks is more robust than spatial domain. More protection and imperviousness are also given [3,6,7]. 
Watermarking is used in the frequency domain by the application of transforms such as the DFT, the DCT, and 
the DFT [8,9] Discrete Transformation of Wavelet [9,10]. Many researchers implemented hybrid method, the 
DCT-SVD watermarking mechanism, capable of enhancing the robustness and invisibility of watermarked 
images [11,12,13]. This hybrid mechanism has been developed by several researchers. 
 
This paper proposes a system based on FLT watermarking which functions in the domain of transformation. 
The document is set accordingly. The DWT scheme is included in Section 2. The FLT technique has been 




As shown in Figure 1(a), DWT subbands divide the image into four subbands. Such subbands consist of 
horizontal-vertical filter applications which are separately applicable. Detailed images are coefficients defined 
as LH1, HL1 and HH1 subbands, and coefficients as LL1 is an image approximation. In order to achieve a 
subsequent degree of wavelet parameters depicted in Figure 1(b), the sub-band LL1 has further decomposed 
[14,15]. 
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Figure 1. Decomposition DWT 
 





Figure 2. Filter bank for 2D - DWT analysis and synthesis [14] 
 
1.2. FLT 
The three-channel filter bank, which has employed for developing the FLT related to a wavelet frame using one 
scaling function ɸ(𝑡) and dual distinctive wavelets Ψ1(t) and Ψ2(t). The additional wavelet at this point creates 
this structure an overcomplete one. It follows that ɸ(𝑡) , Ψ1(t) and Ψ2(t) satisfies a dilation and wavelet 
equations [16, 17,18]. 
 
                                                     ɸ(𝑡) = √2 ∑ h0(𝑛)
𝑛
ɸ(2𝑡 − 𝑛)                                                          (1) 
 
                                                   Ψ𝑖 = √2 ∑ h𝑖(𝑛)
𝑛
ɸ(2𝑡 − 𝑛)                   𝑖 = 1&2                               (2) 
A scaling function ɸ(𝑡) and the wavelets Ψ1(t), Ψ2(t) have outlined via these equations using a lowpass 
(scaling) filter h0(𝑛) and the dual high pass (wavelet) filters h1(𝑛) and h2(𝑛) , where the dual distinct wavelets 
Ψ1(t) and Ψ2(t)  have been specifically considered to be offset from each other by one half as follows: 




Figure 3. Filter bank for 2D- DWT Analysis and Synthesis [19] 
 
                                                     Ψ1(𝑡) ≌ Ψ2(𝑡 − 0.5)                                                                               (3) 
 
Where  the  filters h1(𝑛) and h2(𝑛) should  satisfy  the  Perfect  Reconstruction (PR) condition. This means that 
the input and output of the two filters are expected to be the same [20,21].  
 
 
1.2.1. Filter bank structure for 2D framelet 
The transform should first be used on the rows, then on the columns of the resulting matrices in order to perform 
the FLT on 2D Matrix. The results are nine two-dimensional subbands, one of which is the 2-D low-pass scaling 
filter and eight of them, as shown in Figure 4, form the eight 2-d wavelet filter [19]. 
 
Figure 4. Filter bank for 2D- DWT Analysis and Synthesis [19] 
 PEN Vol. 9, No. 1, January 2021, pp.37-47 
40 
1.2.2. Computational of FLT For 2-D signal using separable method 
By alternating rows and columns it is possible to generate a separable 2-D FLT that is, each line is processed in 
order and the result column is then processed. In both matrix sizes non-separable methods operate 
simultaneously. A 2-D transform is analogous to a serial transformation of two 1-D transformations. The 
transformation of 1-D row, then of a 1-D column, is implemented with data gotten from the transformation of 
the row. The next steps should be followed to calculate a single, discrete transform framelet for a 2-D signals 
with separable method [19]: 
a) Investigating dimensions: Input matrix must be in  N × N size, in which N should be even and equal or 
greater to the length based on analysis filters. 




transformation matrix, W , by means of length-7 coefficients filter (for example) given as [19]:  
 
 
c)   Transformation of the input rows by the multiplication of the matrix by the N to N input matrix to the built 
3N/2 to N transform matrix. 
 
                                             𝑌 = [𝑊]3𝑁
2
×𝑁
× [𝑋]𝑁×𝑁                                                                    (4) 
 
d) Input column transformation: can be carried out in [19,22] the following way: 
i. Transpose a row transformed 
3𝑁
2
× 𝑁 matrix based on step (3). 
ii. Employ matrix multiplication for  
3𝑁
2
× 𝑁 created transformation matrix based on 𝑁 × 𝑁 column 
matrix. 







                                                                    (5) 
The transformed matrix of the final structure is t: 







                                                                                         (6) 
 
1.2.3. Computation of IFLT for 2-D signal via separable and non- separable methods 
Inverse Framelet Transform (IFLT) can be used to recreate a fundamental signal from a transformed discrete 
framelet signal. For computing the single level 2-D inverse and discrete framelet transformation with a separable 
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process, the next steps are followed [19,23]. The transformation matrix stands for a reverse transformation 
matrix, since a transformation is orthogonal; 






 framelet transformed matrix. 
 
b) Make 𝑁 ×
3𝑁
2
  reconstruction matrix, by means of transpose of transformation matrix, [𝑊]𝑇. 
c) Reforming of columns based on applied matrix multiplication to 𝑁 ×
3𝑁
2
   reconstruction matrix in 






 framelet transformed matrix. 









   
                                                              (7) 
d) Reforming rows are prepared based on the following: 
 
i. Transpose the column reconstructed matrix resulting from step (3). 
                                       𝑌𝑋 = [𝑌𝑌𝑋]𝑇3𝑁
2
×𝑁
                                                                                    (8) 
 









                                                                                                      (9) 
 
                                                    𝑋 = [𝑋𝑋]𝑇                                                                                   (10) 
 
 For computing the single level inverse FLT for 2-D signal based on non-separable method, the subsequent steps 
must be as following: 
 
 






 framelet transformed matrix. 
 
2) Make 𝑁 ×
3𝑁
2
  reconstruction matrix 𝑊𝑇 using transformation matrix. 
 
3) Reform an input matrix through multiplying a reconstruction matrix based on input matrix and 
through transposing a reconstruction matrix. 
 
                                                          𝑋 = 𝑊𝑇 × 𝑌0 × 𝑊                                                                            (11) 
 
 A single-stage framelet transformation consists of nine frequency bands. These subbands have shown in Figure 
5. Since 𝐿 is a low-pass filter ℎ0(𝑛), whereas 𝐻1 and 𝐻2 stand for highpass filters (ℎ1(𝑛) and ℎ2(𝑛)) , the 
𝐻1 𝐻1 , 𝐻2 𝐻1 , 𝐻1 𝐻2 and 𝐻2 𝐻2 subbands, every has a frequency-domain support analogous to 𝐻𝐻 subband in 
a DWT. A comparable system makes the 𝐻1 𝐿, 𝐻2 𝐿, 𝐿𝐻1  and 𝐿𝐻2 subbands with the identical frequency-
domain support as an equivalent 𝐻𝐿(𝐿𝐻) subbands of the DWT, but with two times as several parameters. 
Lastly, there is merely single subbands 𝐿𝐿 with an identical frequency-domain as the 𝐿𝐿 subbands in DWT [19]. 
 
Figure 5. Matrix subbands subsequent to a single-level decomposition FLT 
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2. Projected procedure 
Figure 6 (a &b) depicts the flowchart of projected algorithm: 
 






Figure 6. (b)  Proposed algorithm for extracted 
image 
  
In this work, 1-level FLT is applied on the original and watermarking image, then adding the LL of 
watermarking image to LL of original image, then apply inverse framelet transform to get watermarked image. 
Then to get the extracted image, must be subtracted the LL of watermarked image from LL of original image 
then apply the inverse of FLT on the result. And this algorithm is proposed for watermarking the color images. 
First the RGB colors images are converted into Y CbCr form, then employing the projected algorithm on every 
layer individually, this means each layer from Y CbCr stands for watermarking as a gray scale image. Figure 7 




Figure 7:RGB layers are converted to YCbCr Layer, and then watermarking by proposed Algorithm 
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3. Results and Discussion 
Figure 8 depicts some gray scale images with proposed algorithm and the results in Table 1 shown the 
performance of PSNR and MSE compared with other algorithms 
  
Figure 8. Results of gray scale images for proposed algorithm 
 
Table 1. Performance comparison between proposed algorithm and other algorithms for lena image in Figure 
8 with watermarking eye image 
Proposed  Algorithms PSNR MSE 
using FLT 34.6442 21.0983 
using wavelet transform (db5) 34.6408 21.1156 
using wavelet transform (haar) 34.6394 21.1063 
 
Figures 9-11 have shown the results of other gray scale images with proposed algorithm.  
 
Figure 9. Fruits images with proposed algorithm 
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Figure 10. Some gray images with proposed algorithm 
 
 
Figure 11. Medical image with gray image 
Table 2 has shown the performance of PSNR as well as MSE for gray scale images in the Figures 9,10 &11 
 
Table 2. Consequences of PSNR as well as MSE for gray scale images in the Figures 9,10 &11 
Images Psnr Mse 
Images in Figure.9  36.4313    14.8610 
Images in Figure.10 37.5068    11.9714 
Images in Figure.11 36.8491    11.7975 
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Figures 12, 13 and14 have shown the results of colored images with proposed algorithm. 
 
Figure 12. Some color images with proposed algorithm 
 
 
Figure 13. Some color images with proposed algorithm 
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Figure 14. Some color images with proposed algorithm 
 
Table 3 depicts the performance of PSNR as well as MSE for color images in the Figures 12,13 and 14 
 
Table 3. Consequences of PSNR as well as MSE for colored images in Figures 12-14 
 
Images PSNR MSE  
Images in Figure.12 33.7251 29.2516  
Images in Figure.13 33.3273 32.0644  




Framelets have been successfully used in noise reduction and painting as well as for high-resolution image 
restoration and video improvement. Framelet transform was then used in the traditional method instead of the 
DCT and DWT transform. In conclusion, it has been shown that the Framelet with image watermark in this 
algorithm gives best output between DWT and other algorithms using the MATLAB software program. 
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